We construct the gravitational solution of the Witten-Sakai-Sugimoto model by introducing a magnetic field on the flavor brane. With taking into account their backreaction, we re-solve the type IIA supergravity in the presence of the magnetic field. Our calculation shows the gravitational solutions are magnetic-dependent and analytic both in the confined and deconfined case. We study the dual field theory at the leading order in the ratio of the number of flavors and colors, also in the Veneziano limit. Some physical properties related to the hadronic physics in an external magnetic field are discussed by using our confined backreaction solution holographically. We also study the thermodynamics and holographic renormalization of this model in both phases by our magnetic-dependent solution. Since the backreaction of the magnetic field is considered in our gravitational solution, it allows us to study the Hawking-Page transition with flavors and colors of this model in the presence of the magnetic field. Finally we therefore obtain the holographic phase diagram with the contributions from the flavors and the magnetic field. Our holographic phase diagram is in agreement with lattice QCD result qualitatively, which thus can be interpreted as the inhibition of confinement or chirally broken symmetry by the magnetic field. 
Introduction
Recent years, in some results from lattice QCD [1, 2] , it seems the QCD phase could be changed by a strong magnetic field. By the analysis of some thermodynamic observables, it has been found the critical temperature of the crossover region should fall when the magnetic field increases [1, 2] . It implies the confinement/deconfinement phase transition or the chiral phase transition [3] would tend to be induced by a strong magnetic field. With the MIT bag model, this result could be reproduced qualitatively [4] , reflecting the great significance of quark confinement. Furthermore, the approach of large-N c QCD has already been considered in [5] . From the analysis of the flavor correction N f /N c to the pressure, this effect has also been obtained due to the quark degrees of freedom.
On the other hand, gauge/gravity duality or AdS/CFT has become a framework to understand non-perturbative aspects of strong-coupled quantum field theory [6, 7, 8] . Motivated by these, we would like to investigate the thermodynamics of the quarks and gluons by using the famous top-down holographic model i.e. the Witten-Sakai-Sugimoto model [9, 10] , in the presence of a magnetic field with the dynamical flavors 3 . By the underlying string theory, this model describes a non-supersymmetric and non-conformal Yang-Mills theory in 3+1 dimension coupled to N f chiral massless fermions (quarks) and adjoint massive matter, as a low energy effective theory. In the original Witten-Sakai-Sugimoto model, there are N c D4-branes compactified on a circle representing the dynamics of gluons, N f species of massless quarks introduced by putting in N f pairs of D8 and anti D8-branes (D8-branes). By taking the large N c limit i.e. N f N c → ∞, these N c D4-branes produce a 10D background geometry described by type IIA supergravity while the N f D8/D8-branes are as probes. Accordingly, the fundamental quarks do not have dynamical degrees of freedoms thus are quenched. In order to take into account the dynamics of the fundamental matter and compare it with the results from lattice QCD, we construct the gravitational solutions by considering the backreaction from the flavor branes with turning on a background magnetic field, at leading order of the Veneziano limit. It means the gravitational solution, as an explicit description of the dual field theory, takes the limit of large number of colors and flavors i.e. N c 1, N f 1, but with fixed N f /N c , at leading order of the small N f /N c expansion. We study the model both in confined and deconfined geometry by re-solving the full action (bulk fields plus flavor branes) i.e. taking into account the backreaction from the flavor branes and the magnetic field. And it also turns out that our solutions describe the configuration with an Abelian group as chiral symmetry.
Furthermore, the description of deconfinement transition and chiral transition in the WittenSakai-Sugimoto model was proposed in [11] . At zero temperature, the bubble (confined) solution of the N c D4-branes is dominant, corresponding the confinement phase in the dual field theory, while the black brane (deconfined) solution of the N c D4-branes arises as the deconfinement phase at high temperature. Thus the phase transition between confinement and deconfinement can be identified as the Hawking-Page transition between two different background geometries. We can therefore evaluate the critical temperature by the analysis of the pressure in bubble and black brane background. The result shows that a confinement/deconfinement transition at T c = M KK /2π arises, where M KK is a mass scale of the mass spectrum. However, while the bubble solution can be connected to the confinement phase of the dual field theory, this is less clear for the black brane solution because of the mismatched value of the Polyakov loops [12, 13, 14] , which thus makes "the black D4-brane solution corresponding the deconfinement phase" may not be strictly rigorous. Nevertheless, we can focus on the chiral transition since the embedded flavor branes take connected/parallel configuration in the bubble/black D4-brane solution respectively, which corresponds to the chirally broken/symmetric phase in the dual field theory. On the other hand (as we can see in [11] ), because of no contributions from the flavors, a constant and flavor-independently critical temperature T c might be unrealistic. So in these senses, we would like to study the HawkingPage transition of this holographic system by taking into account the backreaction of flavor and the magnetic field, then we are able to compare the resultantly holographic phase diagram with lattice QCD [1, 2] .
There have been some present works to study the thermodynamics of the quarks and gluons in the presence of a magnetic field by using this model [21] . However most of them are discussed in the probe flavor limit. Thanks to the techniques proposed in [15, 16, 17, 18, 19] and especially used in [20] , it allows us to consider the backreaction from the flavors in this model corresponding to study the Hawking-Page transition with flavor and color branes. By employing these techniques, we would like to make some improvements to [21] with the backreaction from the flavor branes and it could also be treated as a parallel computation to [20] .
Let us outline some technical details in our manuscript. First, we use the smearing technique [15, 16, 17, 18, 19] for the flavor branes to construct gravitational solutions as [20] but in the presence of a magnetic field (and with zero chemical potential). Then in order to preserve the isometries of the original background, we also homogeneously smear a large number N f of D8-branes on the x 4 circle where the N c D4-branes are wrapped. As it will be seen, while this configuration simplifies the calculations greatly, we have to solve a set of coupled second order equations of motion of this system. Because of the presence of the magnetic field, these equations of motion are all highly non-linear, which are still extremely complicated to solve. Hence we focus on solving these equations in the limit of small magnetic field and small flavor backreaction since it admits analytically magnetic-dependent solutions. And to determine the integration constants in our solution, we furthermore require that the backgrounds must be completely regular in the IR region of the dual field theory. With the presence of the magnetic field, the integration constants could be able to depend on the constant magnetic field. However, we find it is not enough to determine all the integration constants just by this requirement. Besides, in the UV region, there also is an non-removable divergence unaffected by the presence of the magnetic field, which is due to the Landau pole in field theory, reflecting in the running coupling holographically.
Last but not least, since the onshell action evaluated by our gravitational solutions is divergent, we need to holographically renormalize the theory in order to study its thermodynamics. The holographic renormalization of this famous Witten-Sakai-Sugimoto model has been studied with dynamical flavors in a covariant way [20] (also see [21] in the presence of a magnetic field with the approach of probe flavor brane). Accordingly, we combine the viewpoints in [20, 21] to study the holographic renormalization of this model with dynamical flavors and the magnetic field. As the result, we find if the parameters in the covariant counterterms (proposed in [20] ) depend on the magnetic field, they are enough to cancel all the divergences in our calculations. In our probe approximation the resultantly renormalized pressure is in agreement with [21] and we can obtain the phase diagram by comparing the confined/deconfined pressure. Our holographic phase diagram shows, the critical temperature decreases when the magnetic field increases, which qualitatively agrees with the lattice QCD results [1, 2] . Consequently this approach is interesting and could be treated as an improvement to [21] .
This paper is organized as follows. In the next Section 2, we will give a brief review of the Witten-Sakai-Sugimoto model. And in Section 3, we introduce a magnetic field on the flavor brane and construct the gravitational solution by re-solving the type IIA plus flavor brane action, both in confined (bubble) case and deconfined (black brane) case. The magnetic-dependent solution is also given in this section. In Section 4, we discuss some physical quantities by imposing the constructed solution with some special constraints in the confined case. In section 5, it shows the holographic renormalization in our calculation, and we evaluate the renormalized onshell action and the counterterms by our magnetic-dependent solutions. In Section 6, we discuss the holographic phase diagram with the magnetic field in the case of the probe approximation and backreaction respectively, then compare our results with lattice QCD. Discussion and summary are given in the final section.
Reviews of the Witten-Sakai-Sugimoto model
A non-supersymmetric and non-conformal (3+1 dimensional) Yang-Mills theory was proposed by Witten [22] as the low energy limit of a Kaluza-Klein (KK) reduction of a 4+1 dimensional SU (N c ) super conformal theory which couples to massless adjoint scalar and fermions. This theory is the low energy effective theory describing the open string ending on the worldvolume of N c coincident D4-branes placed in the 10D Minkowskian spacetime. By the dimensional reduction, the theory is compactified on a circle (denoted as x 4 ) of length β 4 . With the choice of boundary conditions for bosons (periodic b.c) and fermions (anti-periodic b.c), the massless modes at low energy scale i.e. E 1/β 4 are the gauge fields of 3+1 dimensional SU (N c ) Yang-Mills theory. The supersymmetry breaks down since the other modes (including fermions) get masses M kk ∼ 1/β 4 . If
1, where T s , λ 4 is the string tension and 4d 't Hooft coupling respectively, the low energy theory could be decoupled from the Kaluza-Klein modes.
However, as it is known there is not any simple description in the most interesting region λ 4 ∼ 1 in Witten's model. As a conjecture by holography, there should be a dual description in terms of a classical gravity theory on a background arising as the near-horizon limit of sourced N c D4-branes, and we can therefore obtain many detailed informations in the region of λ 4 1. Such a background produced by N c D4-branes would have the topology of a product R 1,3 × R u × S x 4 × S 4 . Here R 1,3 represents the 3+1 dimensional spacetime where we live in. R u represents the radial direction denoted by the coordinate u as the holographic direction, which could be roughly treated as the energy scale of the renormalization group in the dual field theory. In the (u, x 4 ) plane of the subspace, the confined background looks like a cigar and the size of the x 4 circle smoothly shrinks to zero at a finite value u KK of the radial coordinate u. S 4 represents the additional dimensions, whose isometry group is SO (5) identified as a global symmetry group under rotation of the massive Kaluza-Klein fields. The theory describes confinement in the dual field theory and the chiral symmetry breaks at zero temperature once it couples to the chiral massless quarks.
It is achieved to add a stack of N f pairs of suitably D8/D8-branes embedded in the N c D4-branes background geometry to introduce N f chiral fundamental massless quarks as [9] in Witten's model. Quarks are in the fundamental representation of color and flavor group since they come from the massless spectrum of the open strings which are stretching between the color and flavor branes. As the flavor D8/D8-branes are probes in this system, their backreaction to the geometric background is neglected. Correspondingly, the fundamental quarks in the dual field theory are in the quenched approximation. Besides, the flavor branes offer a U R (N f ) × U L (N f ) symmetry which could be identified as the global flavor symmetry holographically in the dual field theory. Then it is recognized that the flavor branes connect to each other as a U-shape at zero temperature representing chirally broken symmetry automatically.
In the confined background, the geometry is described by the bubble solution of N c D4-brane with the following metric,
where
s is the curvature radius of the background geometry and ω 4 is the volume form of S 4 , g s and l s is the string coupling and length respectively. φ is dilaton and F 4 is the Ramond-Ramond four form. For the index, we have defined µ = 0, 1, 2, 3. At the scale M KK , the 't Hooft coupling is defined as
2 g s N c l s /β 4 in the 4-dimensional theory. Since f (u KK ) = 0, the x 4 circle shrinks at u = u KK . In order to omit the conical singularities at u = u KK , it provides the following relation,
Here β 4 , as the length of the x 4 circle, is related to the mass scale M KK by β 4 = 2π/M KK . There is an alternatively allowed solution which is the black brane solution taking the following metric,
Here i, j = 1, 2, 3. Similarly, it provides the following relation with the x 0 circle smoothly shrinking to zero at the horizon u = u T ,
Therefore, we have the Hawking temperature as
where β is the lengh of x 0 in the deconfined geometry. In the classical limit, the gravity partition function Z ∼ e −S , which is related to the Euclidean onshell action, could be identified as the free energy of the system thermodynamically. The phase diagram can be obtained by comparing the free energy of the two phases above. It has turned out the bubble solution is dominant at zero temperature, while the black brane solution of the N c D4-branes arises at high temperature, which provides the critical temperature of the phase transition as,
In this manuscript, we are going to work in the following configuration when the flavor branes are considered. That is, in the confined case, the D8/D8-branes are placed at antipodal points of x 4 -circle. When the temperature increases, the connected position on D8/D8-branes falls into the horizon in the T > T c phase as in Figure 1 . It thus turns to the deconfined case and the D8/D8-branes become parallel (disconnected). Accordingly, the chiral symmetry is restored since the flavor symmetry group remains U R (N f ) × U L (N f ) in the configuration of a stake of parallel D8/D8-branes. So the confined/deconfined or chiral phase transition could be identified as the Hawking-Page transition of the background with the connected/parallel configuration of the flavor branes. In confined geometry the flavor D8/D8-branes are located at antipodal points of x 4 -circle and always connected, realizing as chirally broken phase. Right: In deconfined geometry the flavor D8/D8-branes could be parallel, realizing as chirally symmetric phase.
3 Solutions with the backreaction of flavor branes in the presence of a magnetic field
In the following sections, there would be three relevant and useful coordinates which are ρ, x, r. For the reader convenience, the relation between these coordinates and the standard u coordinate used in the Witten-Sakai-Sugimoto model (2.1) (2.3) is summarized as follows,
As it will be seen that u 0 represents u KK in confined geometry or u T in deconfined geometry. We are going to use a T to replace a in (3.1) in the deconfined geometry and the explicit definition of a or a T could be found in the following relevant formulas (in Eq.(3.13) and Eq.(3.32)).
Confined geometry

Ansatz and solution
In the Witten-Sakai-Sugimoto model [9] , the flavor D8/D8-branes are treated as the probes embedded in the confined geometry. However, in this subsection we would like to take into account their backreaction to the first order of N f /N c in the confined case. So we are going to use the same trick as [20] , that is to consider a setup where N f D8-branes are smeared homogeneously along the transverse x 4 circle [15, 16, 17, 18, 19] . And we will consider the model below the critical temperature (T < T c ) with a background magnetic field on the flavor branes. For T = 0, the ansatz of the metric in string frame is given as [11] ,
where a = 1, 2, 3 and λ,λ, ν, φ are functions depended on the holographic coordinate ρ only. x 4 is the compactified coordinate on a circle with the length β 4 = 2π/M KK . The function ϕ are defined as
In order to take into account the backreaction of the flavor and the magnetic field, we have to consider the total action in type IIA supergravity with the presence of a magnetic field on the flavor branes. The relevant action (bulk fields plus smeared flavor brane) is,
The first part of (3.4) is the action of the bulk fields while the last part arises as the contribution from the Dirac-Born-Infeld (DBI) action of N f D8-branes which are smeared on the transverse x 4 circle. Here k 0 is related to the 10d Newton coupling. In confined geometry, we consider the antipodal configuration for the flavor branes and put the smeared DBI action on-shell i.e. the embedding coordinate x 4 = x 4 (ρ) satisfies its equation of motion
The integration over the radial coordinate has been calculated as two times to account for the presence of two branches at two antipodal points on the x 4 . Furthermore, we have turned on a U (1) gauge field on the flavor branes which is the dual of an external background magnetic field. Thus as [21, 23, 24] we set a constant magnetic field 2πα F 12 = b, where b is dimensionless constant 4 . With the implementation of the ansatz (3.2), it yields the following 1d action [11, 20] 
where we have defined
Note that we are going to use parameter f (or f T , in the deconfined case) to weigh the contribution from flavors to the action, and the dot represents the derivatives are w.r.t. ρ. Moreover action (3.5) has to be supported by the zero-energy constraint,
which makes the equations of motion from 10d action (3.4) and the effective 1d action (3.5) coincident if the homogeneous ansatz (3.2) is adopted. Then the equations of motion from the previous action (3.5) are as follows (derivatives are w.r.t. ρ),
We have used the definition of (3.3) to replace ϕ by the dilaton field φ. However, we will not attempt to solve equations (3.8) exactly, instead, we will focus on the small magnetic field case i.e. keeping only the leading b 2 term. On the other hand, since our concern is to find a perturbative solution of (3.12) at the first order of the parameter f , we write all the relevant functions in (3.8) as,
Then we use the following unflavored solutions as the zeroth order solution 5 ,
In order to keep the leading b 2 terms, we have the following equations from (3.8) for the leading order function Ψ 1 (r) in the expansion of (3.9), (derivatives are w.r.t. r),
(1 − e −3r )
(3.12)
and we have assumed f =
N f Nc 1. λ 4 is the 't Hooft coupling constant which should be fixed. Other relevant parameters are defined as
With the equations in (3.12), we find that,
where A 1,2 and B 1,2 are integration constants and f, h are two particular functions which satisfy
The equations in (3.12) would be quite easy to solve after a re-combination and the definition of 4y = 4λ 1 + λ 1 − φ 1 , it yields an equation for y which is 6 ,
So we have the following solution expressed in terms of generalized hypergeometric functions as 7 ,
And the relevant functions in (3.17) are 6 Similarly, we also find an equation for the function v which is used in (3.17). 7 As a quick check, our solution will return to [20] once we turn off the magnetic field. ; e −3r
Here A 1,2 , B 1,2 , M 1,2 , C 1,2 are eight integration constants and some of them could be determined by some physical requirements. For example, the zero-energy constraint (3.7) provides a condition at u KK , to the first order in f , which is
Asymptotics
Other constraints for the integration constants in (3.17) (3.18) would arise by analysing the asymptotics of this solution. Since our solution is a perturbation to the zero-th order solution (3.10), it should be regularity at the tip of the (x 4 , u) cigar which corresponds to the limit of r → ∞ (i.e. it gives IR behavior). As a comparison with [20] , we work in x coordinate and obtain the following IR asymptotics (r → ∞ i.e. x = e −3r/2 → 0),
Accordingly, it yields the following constraints for the integration constants,
Note that (3.21) satisfies (3.19) automatically. And the UV behavior of functions are given as follows (r → 0 i.e. x = e −3r/2 → 1), 
The sub-leading terms in (3.22), diverging as (1 − x) −1/6 , do not depend on any integration constants, which are same as in [20] and could be interpreted as the dual of the "universal" terms. In the UV asymptotics, the combinations of the appearing integration constants may be interpreted as corresponding to some gauge invariant operators, however it is less clear about what the combinations of these functions correspond to gauge invariant operators. Nevertheless, in order to omit the sources or VEVs of the dual operators, at least to switch off the most divergent terms in (3.23), we impose the prudent condition as [20] ,
And we do not have any more constraints on the integration constants appearing in our solution, thus the integration constants A 1 , A 2 , C 2 could not be determined and we have to keep them generic. As it can be seen from (3.24), these integration constants relate to q b which is another constant as the input of our theory. Although this is a bit different from the case without the magnetic field in [20] , a possibly special choice of A 1 , A 2 , C 2 may remain as [20] , which is
Since our solution is based on the expansion of small q b , we can, for example, fix C 2 = 0, A 2 = −2A 1 in (3.25) and look for the relations between A 1 and q b if necessary 8 .
Deconfined geometry
The deconfined background geometry of this model in unflavored case corresponds to the black D4-brane solution. The circle x 4 never shrinks while the Euclideanized temporal circle shrinks at u = u T . The flavor branes take the position at x 4 = const. and the configuration of a stack of parallel D8/D8-branes is recognized as the chirally symmetric phase in the dual field theory.
Ansatz and solution
Similarly as the confined case, we turn on a constant U (1) gauge field strength as a background magnetic field on the flavor branes and consider two stacks of flavor branes smeared on the x 4 circle. The relevant action (with the flavor branes putting onshell) reads as (3.4). We use the following ansatz for the metric in string frame as,
8 Let us give some more comments about the choice of the integration constants A 1 , A 2 , C 2 . In the case without the magnetic field [20] , a function χ is defined as χ = 3λ − 2λ − φ and its equation of motion is χ (r) = 0. However in our manuscript, by keeping the leading b 2 terms, we can obtain the equation of motion for χ from (3. However, as we consider the small magnetic field, the deformation of χmay also be small i.e. χ (r) 0, in this sense, the special choice (3.25) might also be allowed in the case of small magnetic field. However these are not strictly necessary.
And we also adopt the ansatz for the gauge field strength as 2πα F 12 = b as the confined case. Here b also represents a dimensionless constant. Inserting the ansatz (3.26) and the magnetic field into (3.4), it yields the following 1d action,
Similarly, this action (3.28) should also be supported by the zero-energy constraint (3.7). Then we can obtain the equations of motion as (derivatives are w.r.t. ρ)
(3.29)
Since we are going to search for a perturbative solution in the first order of N f /N c , we choose the zero-th order solution as the unflavored solution for deconfined case, which is
and
Then we expand all the fields as what we have done in the confined case,
Here the relation between u 0 , u T and M KK , T from zero-th order solution has been imposed. And we have required that f T = f at the phase transition which thus suggests a definition of running coupling as [20] . Then the equations of motion for the leading order functions used in the metric are (derivatives are w.r.t. r),
We will also focus on the case of small magnetic field instead of solving (3.35) 
With the similar tricks used for the confined case, we thus have the solution as,
where the functions in (3.37) are given as f (r) =
6
1 − e −3r 1/6 − coth
1 − e −3r 1/6 + 1
(e 3r + 1) tan
546 (e 3r − 1)
546 (e 3r − 1) ,
The integration constans are represented by a 1,2 , b 1,2 , m 1,2 . And the zero-energy condition (3.7) in the case of small q b thus is
Notice that (3.39) would be satisfied with the leading order solution if
Asymptotics
The near horizon (i.e. x = e −3r/2 → 0) behavior of the relevant functions are given as follows,
Furthermore, we require that the solution is regular at the tip of the Euclidean cigar, it thus leads the following constraints
Notice that (3.43) fulfills the zero-energy constraint (3.41) automatically as well. And the UV behavior (i.e. x → 1) of these functions is,
To eliminate the leading divergences as discussed in the confined case, we impose
Then we do not have any more constraints for other integration constants, thus we have to keep a 1,2,3 and b 3 generic. Nevertheless a possible choice for a 1,2,3 and b 1 with small magnetic field might be (same as [20] ),
However, we have to keep in mind that (3.46) is also not strictly necessary.
Some physical properties
In this section, we will study some holographically physical effects in hadronic physics by using our magnetic-dependent backreaction solution in confined case (3.17) (3.18).
To begin with, since the (x 4 , r) cigar has to close smoothly at the tip (r → ∞), the relation between the parameter u 0 and M KK is modified by the backreaction from the flavor and magnetic field. Therefore we have
If using the special choice (3.25) as [20] , we obtain 5A 1 −A 2 +20C 2 −12k−24K ≈ 2+ . Obviously, with this choice, the length of the x 4 circle becomes larger as the magnetic field increases. For the reader convenience, we also give the relation between the parameter u T , R and Hawking temperature T in the deconfined case,
2) as the metric has to be regular at the horizon of the Euclideanized black hole as well.
Notice that we have to keep in mind all the discussions in this section would not be strictly rigorous once the special choice (3.25) for the undetermined integration constants is imposed. Since all our resutls should definitely return to [20] if turning off the magnetic field, we assume (3.25) (from [20] , i.e. the non-magnetic case) is a simple choice for the undetermined integration constants. Absolutely this is not necessary or strict in our magnetic case. But because of the lack of the geometric constraints for our gravitational solution and the less clear relation between the integration constants and the magnetic field, some integration constants generic are not determined in fact. So we can not conclude or compare anything with [20] if keeping all the undetermined constants generic. According to these, we therefore impose the special choice (3.25) throughout the calculations in the following subsections. Consequently our results in this section might not be strictly conclusive but they are good comparisons with [20] 9 .
The running coupling
By examining a D4-brane as the probe wrapped on the x 4 circle, we obtain the running gauge coupling [25] (the formulas are expressed in the coordinate of x = e −3r/2 . )
According to the UV behavior (x → 1) (3.22) of the functions, we thus obtain the formula of the running coupling which remains as [20] ,
Obviously, this formula is independent on the presence of the magnetic field which seems different from QFT/QCD approach as [26] but in agreement with [20] . Technically, (4.4) corresponds to the condition (3.24) we have chosen. In (3.23) we have omitted the most divergent terms by imposing (3.24) to turn off the sources or VEVs of some gauge invariant operators in the dual field theory although some details about the holographic correspondence here are also less clear. So the surviving divergences in (3.23) are all independent on the integration constants, which thus yields a integration-constant-independent divergence in (4.4) by (4.3). In this sense our (4.4) is same as [20] since we have chosen the same boundary conditions for the gravitational solution while the gravitational solution itself is actually different. On the other hand (4.4) signals a Landau pole since the coupling constant tends to diverge in the UV limit (i.e. x → 1) which strongly differs from QCD in fact. There might be a simple interpretation about the appearance of the Landau pole. As it is known the background of this model is Witten's geometry [22] at the limit N c → ∞. In our backreaction case, we could require N c is large but not infinity and N f /N c 1 fixed. Accordingly, the background geometry is actually 11d (AdS 7 × S 4 ) while the 11th direction is compacted on a cycle with a very small size (as some energy scales in the dual field theory). Therefore the dual field theory could be conformal upon this energy scale [22] . So it is possible to generate a Landau pole by adding flavors to a CFT.
Besides (4.4) only shows the the UV behavior (x → 1) of the running coupling, but basically we can obtain the complete relation between the running coupling and the magnetic field by using (4.3). The behavior of g Y M,x with B is actually quite ambiguous because of the presence of the undetermined integration constants A 1 , A 2 , C 2 . Due to the different behaviours in UV limit, we can impose the special choice (3.25) to (4.3), as a result it yields to a different behavior of g Y M,x with B from the QFT result in [26] . However, we need to emphasize that this comparison with QCD is strictly significant only if the theories with same number of colors and flavors are considered, otherwise theories with different numbers of colors or flavors could have different behaviors.
String tension
It has turned out that, by using (4.1) the string tension is given as 10 ,
Imposing the special choice (3.25), we have
. In this sense, we can naively conclude that the string tension increase by the effect of the dynamical flavors and the presence of the magnetic field. But our result (4.5) seems unrealistic if T s could be holographically interpreted as some QCD tensions, because intuitively speaking the theory should confine less when more flavors (or magnetic field) are added. However this behavior of the theory should depend on which scheme is chosen and where some observable is kept fixed, since theories with different N f are actually different as mentioned [20] . Nevertheless we are not clear about whether the opposite behavior in (4.5) corresponds to large N c limit or the choice (3.25) for the undetermined integration constants in our theory. We believe a future study about this is also needed.
Baryon mass
In AdS/CFT, a baryon is a wrapped D-brane on the extra dimensions [29, 30] . Accordingly, a baryon vertex is a wrapped D4'-brane 11 on S 4 in the Witten-Sakai-Sugimoto model. And it corresponds to the deep IR of the dual field theory since it is localized at the radial position i.e. the holographic direction. So with the Euclidean version of the backreaction solution in the confined case, we can easily read the wrapped D4'-brane action,
is the tension of the D4'-brane. Using our solution in the confined case at x = e −3r/2 → 0 (i.e. the IR value of the radial direction), we have the baryon mass which is given as 
Mass spectrum of vector mesons
In this subsection, we test our gravitational solution by evaluating the mass spectrum of the vector mesons. Let us just discuss about the method to obtain the mass spectrum of vector mesons briefly (See [9] and [20] to review the details of this part). As in [9] , by considering the fluctuation of a gauge field on the D8-brane, we can find the spectrum of the vector mesons with our backreaction solution. The mass spectrum of the vector mesons is given as 12 , 9) and γ n 's are given from the following equations
The normalization condition has to be satisfied for ψ n , 12 We have employed the same convention as [20] T
To solve the equation (4.10) and (4.11), we could follow the WKB method as in [31] . Since the processes of the calculations based on our backreaction solution is similar as the case without the magnetic field [20] , the only difference is that the meson mass increases and is affected by the magnetic field. The reason has been commented as before. So we will not discuss more details and just give the theoretical method we used here.
Holographic renormalization with the magnetic field
In this section, we are going to discuss the main subject of this manuscript, i.e. study the thermodynamics and holographic renormalization of this model, by our magnetic-dependent solution.
Through the holographic formula F = T S onshell E
, the Euclidean gravity action is related to the free energy of this model. As we are going to discuss the thermodynamics of this model, we need to evaluate the Euclidean onshell action, taking into account the backreaction by our magneticdependent solutions. And the Euclidean version of the Type II A supergravity action could be obtained by a Wick rotation from (3.4), which is
However, the onshell action (5.1) is divergent if inserting our solutions in confined or deconfined case. Since we would like to compare the free energy of this model with different backreaction solutions, we have to renormalize the theory holographically. The renormalized gravity action could be written as
S E is the Euclidean version of the Type II A supergravity action (5.1) and S GH , S bulk c.t , S D8 c.t is Gibbons-Hawking (GH) term, the bulk counterterm and the D8-brane counterterm respectively. In string frame, they are given as 13 13 The bulk counterterms are given in [27] . And it has turned out the bulk counterterm is not enough to cancel all the divergent terms if the backreaction from flavor brane is considered. The counterterm of the flavor branes in the presence of an external magnetic field in the Sakai-Sugimoto model has been given in [21] and it is written as
where χ 1,2 are two constants for the case of smeared D8-branes and h is the determinant of the metric at the UV boundary i.e. the slice of the 10d metric fixed at r = ε with ε → 0. K is the trace of the boundary extrinsic curvature whose explicit form in our notation is
Then we are going to evaluate all the terms in (5.1) and (5.3) by our magnetic-dependent solutions both in confined and deconfined case.
Confined case
Evaluating the action (5.1) and (5.3) by our magnetic-dependent solution for confined case, we have the following onshell actions (up to the first order on f ) a covariant form in [20] . Therefore we have employed the covariant form for the smeared D8-brane counterterm in (5.3).
S E = −aV
− 823
+ 25
In order to cancel all the divergences in (5.6) and (5.7), we have to choose
As we can see from (5.7), there are magnetic-dependent divergences. However, for a constant magnetic field, it is possible to choose the q b -dependent constants (5.8) in the counterterm action [21] . Therefore the renormalized action for the backreaction case reads
. (5.9)
Deconfined case
As in the confined case, the Euclidean version of the onshell action (plus the GH term) (which is the Gibbs free energy) is also divergent, thus it must be renormalized by approaching the counterterms in (5.2). The functional form of each term in (5.2) takes the same formulas as (5.1) and (5.3) respectively, however it needs to be evaluated by our deconfined solution. Therefore we have,
where As we can see, the "bulk counterterm" S bulk c.t. cancels the O 0 f T divergences only as the confined case. We thus have introduced the additional counterterm, i.e. the "flavor counterterm" S D8 c.t. which is related to the D8-branes, to cancel the remaining divergences 14 . Consequently, we have to choose the following values 15 14 As another possibility, to cancel the divergences is to subtract the onshell value of S E + S GH , the value of the same combination on some background as being a reference. 15 As the confined case, the counterterms in (5.3) are enough to cancel all the divergences if the q b -dependent constants in the counterterms are allowed. Since there are not charge-dependent divergences in the calculations of 
15015
, χ 13) to cancel all the divergences in (5.10) and (5.12) . With these choices, we have the renormalized action in the deconfined case which is,
(5.14)
6 The phase diagram
In this section, let us discuss the phase diagram of this holographic model in the presence of a magnetic field and compare the diagram with lattice QCD. Since there is no chemical potential through our setup, we will thus focus on the case of finite temperature and zero chemical potential in QCD.
The probe approximation
Since our goal is to quantify the effects from the flavors on the critical temperature in the presence of the magnetic field when the phase transition happens between the confinement and deconfinement phase. Therefore, we just need to compare the free energy from the renormalized onshell action. And we should first calculate the pressure p both for confined and deconfined phase by using,
Since we have introduced the additional boundary terms for the flavor branes in (5.3), it admits the holographically renormalized bulk action. Moreover, returning to the case of the probe limit is also allowed definitely from our backreaction case. Hence in the probe approximation, we have the onshell D8-brane action with the U-shape embedding i.e. x 4 = const., which is [20] in the deconfined case, the divergent terms in our calculations (5.10) should definitely return to [20] by setting q b = 0. Nevertheless, we find the divergent terms of g 1 is a bit different and the values of χ can never return to the choice in [20] even for setting q b = 0. We have checked this problem and found that, according to our solution by setting q b = 0, all the calculations would be exactly same as [20] if evaluating the Minkowskian action instead of the Euclidean action. Consequently, the resultant calculations are a little different from [20] if evaluating the Euclidean action by our solution, even for setting q b = 0. Here we have expanded the action in small q b limit. It can be found there are two divergent terms in the onshell action (6.2) in the UV. Therefore, in order to cancel the divergences in (6.2), we have to choose 4) in the D8-brane counterterm (5.6) for the probe approximation. In a word, we obtain the renormalized action (bulk plus flavor brane) in the probe approximation as, For the deconfined case (similarly as in the confined phase), we also have the onshell D8-brane action with the parallel embedding, which is
So we need the following choice, 9) for the additional flavor brane counterterm in (5.10). Obviously, in the probe approximation the renormalized onshell D8-brane action reads
And its pressure is,
Consequently, we can obtain the phase diagram in the probe approximation by comparing the pressure (6.6) and (6.11) with the equation So from (6.12) and (6.13), we could conclude that, at zero chemical potential without the magnetic field, the critical temperature increases by the effect of the flavors 17 (see also [20, 21] ). And we also notice that the contribution from the magnetic field is quadratic for any N f . Moreover, (6.12) shows T c decreases when B increases (as shown in Figure 2 ) which is in agreement with the lattice QCD results [1, 2] .
The backreaction case
Let us turn to the case of backreaction. To get the phase diagram, first we need to imposing (4.1) and (4.2) on (5.9) and (5.14), thus obtain the pressure of each phase as, 
(6.14)
16 At the phase transition, we have set f = f T since the contribution form O (N f /N c ) in f T could be neglected. 17 Without the magnetic field, (6.13) is quantitative same as [20] definitely. The phase diagram in T-B plan from our holographic formula (6.12) or (6.19) . Lower: The phase diagram in T-B plan from some lattice QCD results in [1] . N t is a parameter in the lattice calculations.
In order to obtain the critical temperature at the phase transition point, we could solve the equation p deconf. (T = T c ) = p conf. as in the probe approximation. Then we find the following relation between the critical temperature T c and the magnetic field B, (6.15) . So similar to the case of the probe approximation, (6.15) shows the critical temperature increases by the effect of the flavors without magnetic field. But notice that the factor in front of the magnetic field is positive, it shows that the behavior of (6.15) is totally different from the probe approximation and is not in agreement with the lattice QCD results [1, 2] . In fact (6.15) should be a scheme-dependent statement thus it depends on the choices of the appropriate interpretation (also the numbers of colors and flavors). As mentioned, since we are less clear about the full relations between the integration constants and the constant magnetic field B, we therefore use the same ansatz as the most simple choice as [20] for the undetermined integration constants. However the behavior of T c with B (6.15) is actually quite sensitive to the relations between the integration constants and the constant magnetic field. On the other hand, we have also mentioned the deconfined geometry does not strictly correspond to the deconfinement phase in the dual field theory. Accordingly it is not surprised that (6.15) does not agree with lattice QCD, but the less clear relation of the integration constants leads to an ambiguous behavior of T c with B if imposing (3.24) (3.25) (3.45) directly. Hence in order to return to the probe approximation, we have to additionally require, although we do not obtain the explicit relations between all the integration constants and the constant magnetic field. Otherwise, the original geometrical configuration might be totally deformed and the perturbative solution both for confined and deconfined phase would become unreliable. Besides, there may be an alternative comparison scheme available, which is motivated by the in heavy-ion collision experiment phenomenally. Before the collision, the nuclei are confined and an extremely external (strong) magnetic field is created when the collision happens. Accordingly, we treat the confined case without the magnetic field as the initial state of the nuclei, then the magnetic field B induces the phase transition when the collision happens. We therefore need to solve p deconf. (T = T c ) = p conf. (B = 0) to obtain the phase diagram 18 , it would be more simple, In this scheme, although the explicit relation between the integration constants and the magnetic field is not explicitly clear, the behavior of the diagram would be unique. This is due to that the contribution from the magnetic field to the pressure of the deconfined phase is always positive (see also [21] ). And on the other hand, the probe limit of this model is definitely allowed to return. Therefore it gives the unique behavior as (6.19). However we must keep in mind that the scheme of the interpretation we choose.
Summary and discussion
In this paper, we have constructed gravitational solutions as a magnetic-dependently holographic background in the Witten-Sakai-Sugimoto model, by considering the backreaction of the flavors and the magnetic field. Thus it corresponds to a quantum field theory (or QCD) with dynamical flavors in an external magnetic field. We have proved out our gravitational solutions satisfy their equations of motion explicitly in the first order of N f /N c . And the solutions are analytic both in confined and deconfined case at low (zero) or high (finite) temperature. Therefore these solutions are able to study the the influence of dynamical flavors in an external magnetic field as a holographic version of [1, 2, 3, 4, 5] . In order to determine the integration constants in our solutions, we require the backgrounds are completely regular in the IR region of the dual field theory as the unflavored case since the flavors are small perturbations. On the other hand, we also try to turn off the sources or VEVs of some gauge invariant operators in the dual field theory as another constraint. However the calculation shows it is not enough to determine all the integration constants just by these two constraints. So we should keep those undetermined integration constants as some generic parameters in our theory.
In order to compare our magnetic-dependent case with [20] , we naively chose the same value for the undetermined integration constants as [20] , to study some physical properties about hadronic physics in an external magnetic field, such as the running coupling, string tension, baryon mass, vector meson mass spectrum. We find the UV behavior of the running coupling is not affected by the presence of the magnetic field. And the string tension, the mass of baryon or meson increase by the flavor or the magnetic field. But we need to keep in mind these behavior should depend on which scheme is chosen and where some observables is kept fixed in the theory, since theories with different numbers of flavors are different. Additionally, because of the simply choice as [20] for those undetermined integration constants, the results in this part are not strictly rigorous thus some of them might still seem unrealistic.
Moreover, it shows the physical significance of our work by studying the holographic renormalization and thermodynamics with our magnetic-dependently gravitational solution. We employ the counterterm [21] and its covariant formula [20] for this model then evaluate it by our magnetic solution. The motivation for studying this counterterm is to renormalize the free energy, to study the Hawking-Page transition holographically in the presence of the magnetic field. In some applications of the Witten-Sakai-Sugimoto model, holographic renormalization may not be necessary for studying the phase transition. Since those concerns are the difference of the free energy of the various configurations of the flavor branes in the same background, which is not the Hawking-Page transition of this model. So the difference of the free energy could be finite in those approaches (such as [23, 24, 32, 33] ). However, in our calculations, holographic renormalization is needed since we, more than that, also consider the transition between differently geometric background. And according to our calculations, if the parameters in the covariant counterterms are allowed to depend on the magnetic field as [21] , we find the present counterterms are enough to cancel all the divergences.
In particular, after the holographic renormalization, we have concentrated the attention on the holographic phase diagrams in the presence of the magnetic field, and compare it with lattice QCD results. In our backreaction case, we find the pressure of both phases evaluated by our magnetic-dependent solution agrees with [21] qualitatively although we have kept the undetermined integration constants generic as mentioned. While the behavior of the phase diagram is a bit ambiguous in the backreaction case, in the probe approximation it is clear and in agreement with the lattice QCD [1, 2] qualitatively (Figure 2 ). Thus it could be interpreted as the inhibition of confinement or chirally broken symmetry by the magnetic field holographically.
Finally, let us comment something more about our work. As an improvement to [21] , we have employed the technique used in [20] to take into account the backreaction from flavors and the magnetic field. Because of the presence of the magnetic field, actually we need to solve a set of highly non-linear equations of motion first to obtain a magnetic-dependently gravitational solution, as shown in (3.8) and (3.29) . Since it is hopeless to find an analytic solution from these extremely complicated equations, we solve them by keeping the leading B 2 terms. While it is a challenge to keep all the orders of the DBI action to solve analytically, some numerical calculations might be worthy. Besides, during our calculations, we have restricted that D8/D8-branes are placed at antipodal points of x 4 -circle in the confined phase. So to extend this part to the non-antipodal case would be natural, and the chiral symmetry could also be restored after deconfinement transition. Moreover, it is also interesting to turn on a chemical potential and a magnetic field together on the flavor branes in this framework, since a similar phenomena, named as "inverse magnetic catalysis", has also been found by using this model in the probe approach of [23] . However, there would be a non-vanished Chern-Simons term necessarily 19 if turning on the chemical potential and the magnetic field together as [23, 24] . Accordingly, it would be more difficult to search for an analytic solution even in the expansion of small baryon charge, magnetic field and N f /N c in that case since the equations of motion would be complicatedly coupled to each other once the backreaction is considered. We would like to leave these interesting topics for a future study to improve our calculations about holographic QCD.
